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Weil algebra, 3-Lie algebra and B.R.S. alge-
bra
Viktor Abramov
Abstract. We consider the 3-Lie algebra induced by a Lie algebra with the help
of an analog of a trace. We propose the extension of the Weil algebra of a Lie
algebra to the Weil algebra of induced 3-Lie algebra by introducing in addition
to an analog of connection and its curvature new elements and defining their
differential by means of structure constants of 3-Lie algebra. We also propose a
new approach to the universal B.R.S. algebra based on the quantum triple Nambu
bracket.
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1. Introduction
n-Lie algebra, where integer n satisfies n ≥ 2, can be regarded as a generalization of
the concept of binary Lie algebra, which is the particular case of n-Lie algebra when
n = 2. An integer n shows the number of elements of algebra necessary to compose
a Lie bracket. Thus, a Lie bracket of n-Lie algebra g is an n-ary multilinear mapping
g × g × . . . × g (n times) → g, which is totally skew-symmetric and satisfies the
Filippov-Jacobi identity (also called fundamental identity).
A notion of n-Lie algebra was introduced and studied by V.T. Filippov in [5] and
Y. Nambu in [7], who proposed a generalization of Hamiltonian mechanics based
on a triple (or, more generally, n-ary) bracket of functions determined on a phase
space. This n-ary bracket can be regarded as an analog of the Poisson bracket in
Hamiltonian mechanics and later this n-ary bracket was called the Nambu bracket.
The dynamics of this generalization of Hamiltonian mechanics is described by the
Nambu-Hamilton equation of motion that contains n− 1 Hamiltonians. It should be
pointed out that Y. Nambu proposed and developed his generalization of Hamilton-
ian mechanics with the goal to apply this approach to quarks model, where baryons
are combinations of three quarks. Later it was shown that the Nambu bracket sat-
isfied the Filippov-Jacobi identity and thus, the space of functions endowed with
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the n-ary Nambu bracket can be regarded as the example of n-Lie algebra. This
direction of research has received further development in the paper [9], where the
author introduced a notion of Nambu-Poisson manifold, which can be regarded as
an analog of the notion of Poisson manifold in Hamiltonian mechanics.
The problem of quantization of Nambu bracket was considered in a number of pa-
pers and the first step in this direction was taken already by Y. Nambu, but so far
this is the outstanding problem. In the paper [3] the authors propose the realization
of quantum Nambu bracket defined by
[X,Y, Z] = TrX [Y, Z] + TrY [Z,X ] + TrZ [X,Y ], (1.1)
whereX,Y, Z are either square matrices or cubic matrices, and prove that this quan-
tumNambu bracket satisfies the Filippov-Jacobi identity. Hence a matrix Lie algebra
endowed with the triple quantum Nambu bracket (1.1) becomes the 3-Lie algebra
which will be referred to as the induced 3-Lie algebra. The triple quantum Nambu
bracket can be generalized by means of vector fields and differential forms on a
smooth manifold [1] and by means of a cochain of the Eilenberg-Cartan complex of
a Lie algebra [2].
Given a Lie algebra g one can associate to it the Weil algebra W (g). The Weil
algebra of a Lie algebra is the tensor product of exterior algebra of dual space g∗
and the symmetric algebra of the dual space g∗. The Weil algebra is closely related
to equivariant differential forms on a principal fiber bundle and it can be regarded
as an algebraic structure for connections and their curvatures on a principal fiber
bundle [8]. It is also worth to mention that the Weil algebra is closely related to
BRST algebra [4].
The aim of this paper is to extend theWeil algebra of a Lie algebra g to an analogous
algebra of the induced 3-Lie algebra. The quantumNambu bracket of induced 3-Lie
algebra is defined by
[x, y, z] = ω(x) [y, z] + ω(y) [z, x] + ω(z) [x, y],
where ω ∈ g∗ and ω([x, y]) = 0. In order to do this we introduce in addition to two
elements of degree 1 and 2 of the Weil algebra new elements constructed by means
of element ω of the dual space g∗.We extend the differential of the Weil algebra to
these new elements and show that the property d2 = 0 of the differential holds for
these new elements.
2. 3-Lie algebra induced by a Lie algebra
An n-Lie algebra, where integer n is greater or equal to 2, is a vector space equipped
with an n-ary Lie bracket
(x1, x2, . . . , xn) ∈ g× g× . . .× g (n times)→ [x1, x2, . . . , xn] ∈ g,
which is totally skew-symmetric (changes sign in the case of odd permutation of
variables and does not change under an even permutation of variables) and satisfies
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the Filippov-Jacobi (sometimes called fundamental identity)
[x1, x2, . . . , xn−1, [y1, y2, . . . , yn]] =
n∑
k=1
[y1, y2, . . . , yk−1, [x1, x2, . . . , xn−1, yk], yk+1, . . . , yn].(2.1)
A notion of n-Lie algebra was independently introduced and studied by V.T. Filip-
pov [5] and Y. Nambu [7]. In particular case n = 3 it follows from the definition of
n-Lie algebra that a 3-Lie algebra is a vector space g endowed with a ternary Lie
bracket [ , , ] : g× g× g→ g, which has the symmetries
[a, b, c] = [b, c, a] = [c, a, b], [a, b, c] = −[b, a, c] = −[a, c, b] = −[c, b, a], (2.2)
and satisfies the ternary Filippov-Jacobi identity
[a, b[c, d, e]] = [[a, b, c], d, e] + [c, [a, b, d], e] + [c, d, [a, b, e]]. (2.3)
A metric 3-Lie algebra is a 3-Lie algebra equipped with a positive definite non-
degenerate bilinear form < , > which satisfies
< [a, b, c], d > + < c, [a.b.d] >= 0. (2.4)
The well known example of simple n-Lie algebra can be constructed by means of
analog of cross product of vectors of (n+1)-dimensional vector space. It was proved
in [6] that this n-Lie algebra is the only simple finite-dimensionaln-Lie algebra with
non-degenerate bilinear form.
Given the matrix Lie algebra gl(n) of nth order matrices one can introduce the
ternary Lie bracket of nth order matrices as follows
[A,B,C] = TrA [B,C] + TrB [C,A] + TrC [A,B]. (2.5)
Evidently this ternary Lie bracket obeys the symmetries (2.2). It is proved in [3]
that this ternary Lie bracket satisfies the ternary Filippov-Jacobi identity and the
authors propose to call this ternary Lie bracket quantum Nambu bracket. Hence the
vector space of nth order matrices equipped with the quantum Nambu bracket (2.5)
becomes the matrix 3-Lie algebra. The matrix 3-Lie algebra of nth order matrices
with the triple commutator (2.5) is the metric 3-Lie algebra if we endow it with the
bilinear form
< A,B >= Tr (AB).
Now our aim is to extend this approach to a case more general than the trace of a
matrix. Let g be a finite dimensional Lie algebra and g∗ be its dual space. Fix an
element of the dual space ω ∈ g∗ and by analogy with (2.5) define the triple product
as follows
[x, y, z] = ω(x) [y, z] + ω(y) [z, x] + ω(z) [x, y], x, y, z ∈ g. (2.6)
Obviously this triple product is symmetric with respect to cyclic permutations of
x, y, z and skew-symmetric with respect to non-cyclic permutations, i.e. it obeys
the symmetries (2.2). Straightforward computation of the left hand side and the
right hand side of the Filippov-Jacobi identity
[x, y[u, v, t]] = [[x, y, u], v, t] + [u, [x, y, v], t] + [u, v, [x, y, t]], (2.7)
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shows that one can split all the terms into three groups, where two of them vanish
because of binary Jacobi identity and skew-symmetry of binary Lie bracket. The
third group can be split into subgroups of terms, where each subgroup has the same
structure and it is determined by one of the commutators [x, y], [u, v], [u, t], [v, t].
For instance, if we collect all the terms containing the commutator [x, y] then we
get the expression
(ω(u)ω([v, t]) + ω(v)ω([t, u]) + ω(t)ω([u, v])) [x, y]. (2.8)
Hence the triple product (2.6) will satisfy the ternary Filippov-Jacobi identity if for
any elements u, v, t ∈ g we require
ω(u)ω([v, t]) + ω(v)ω([t, u]) + ω(t)ω([u, v]) = 0. (2.9)
Now we consider ω as a C-valued cochain of degree one of the Chevalley-Eilenberg
complex of a Lie algebra g. Making use of the coboundary operator δ : ∧kg∗ →
∧k+1g∗ we obtain the degree two cochain δω, where δω(x, y) = ω([x, y]). Finally
we can form the wedge product of two cochains ω ∧ δω, which is the cochain of
degree three and
ω ∧ δω(u, v, t) = ω(u)ω([v, t]) + ω(v)ω([t, u]) + ω(t)ω([u, v]).
Hence the third group of terms (2.8) of the Filippov-Jacobi identity vanishes if ω ∈
g∗ satisfies
ω ∧ δω = 0. (2.10)
Thus if an 1-cochainω satisfies the equation (2.10) then the triple product (2.6) is the
ternary Lie bracket and by analogy with (2.5) we will call this ternary Lie bracket
the quantum Nambu bracket induced by a 1-cochain.
We can generalize the quantum Nambu bracket (2.6) if we consider a C-valued
cochain of degree n− 2, i.e. ω ∈ ∧(n−2)g∗, and define the n-ary product as follows
[x1, x2, . . . , xn] =
∑
i<j
(−1)i+j+1 ω(x1, x2, . . . , xˆi, . . . , xˆj , . . . , xn) [xi, xj ].
(2.11)
Theorem 2.1. Let g be a finite dimensional Lie algebra, g∗ be its dual and ω be
a cochain of degree n − 2, i.e. ω ∈ ∧n−2g∗. The vector space of Lie algebra g
equipped with the n-ary product (2.11) is the n-Lie algebra, i.e. the n-ary product
(2.11) satisfies the Filippov-Jacobi identity (2.1) if and only if a (n− 2)-cochain ω
satisfies
ω ∧ δω = 0. (2.12)
Particularly the vector space of a Lie algebra g endowed with the n-ary Lie bracket
(2.11) is the n-Lie algebra if ω is an (n− 2)-cocycle, i.e. δω = 0.
Particularly from this theorem it immediately follows that the quantum Nambu
bracket for matrices (2.5) satisfies the ternary Filippov-Jacobi identity. Indeed in
this case ω = Tr and this is 1-cocycle because for any two matrices A,B we have
δTr (A,B) = Tr ([A,B]) = 0.
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In [?] it is proposed to call the 3-Lie algebra constructed by means of an analog of
trace the 3-Lie algebra induced by a Lie algebra. In our approach we will use the
similar terminology and call the n-Lie algebra constructed by means of a (n − 2)-
cochain ω (2.11) the n-Lie algebra induced by a Lie algebra g and an (n − 2)-
cochain ω. The n-ary Lie bracket will be referred to as the n-ary quantum Nambu
bracket induced by a (n− 2)-cochain.
3. Weil algebra of induced 3-Lie algebra
The aim of this section is to show how one can extend the Weil algebra of a Lie
algebra g to the Weil algebra of 3-Lie algebra induced by a Lie algebra g.
Let g be a finite dimensional Lie algebra and g∗ be its dual. Let us denote by ∧(g∗)
the exterior algebra of g∗ and by S(g∗) the symmetric algebra of g∗. We remind that
the Weil algebra of a Lie algebra g [8] is the tensor product S(g∗)⊗ ∧(g∗), which
will be denoted byW (g).
Let dim g = n and Ta be a basis for g, where a runs from 1 to n. Then
[Tb, Tc] = f
a
bc Ta,
where fabc are the structure constants of a Lie algebra g. The structure constants of a
Lie algebra satisfies the Jacobi identity
fdbc f
k
ad + f
d
ca f
k
bd + f
d
ab f
k
cd = 0. (3.1)
Let T a be the dual basis for g∗, i.e. T a(Tb) = δ
a
b . We denote the image of T
a in
the exterior algebra ∧(g∗) by Aa and the image of T a in the symmetric algebra
S(g∗) by F a. HenceAa are the generators of the exterior algebra ∧(g∗) and we will
assign degree 1 to each of these generators. Analogously F a are the generators of
symmetric algebra S(g∗) and we will assign degree 2 to each of these generators.
The degree of a generator Aa will be denoted by |Aa| and the degree of F a will be
denoted by |F a|. Then
AaAb = (−1)|A
a||Ab| Ab Aa,
Aa F b = (−1)|A
a||F b| F bAa,
F a F b = (−1)|F
a||F b| F b F a.
Now the Weil algebra W (g) is the graded algebra that is W (g) = ⊕iW
i(g). The
differential d :W i(g)→W i+1(g) is defined by
dAa = F a −
1
2
fabcA
b Ac, dF a = fabc F
b Ac. (3.2)
The differential d has the properties:
1. d satisfies the graded Leibniz rule which means that when we differentiate the
product of two elements of the Weil algebra and interchange the differential d
with the first factor of this product then there appears the coefficient (−1)k in
the second term of Leibniz formula, where k is the degree of the first factor,
2. d2 = 0.
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It is worth to mention that the Weil algebra is very closely related to the formalism
of equivariant differential forms on a principle fiber bundle. Bearing this relation
to equivariant forms in mind we can interpret the degree 1 generators Aa of exte-
rior algebra ∧(g∗) as components of a Lie algebra valued connection 1-form on a
principal fiber bundle, the degree 2 generators of the symmetric algebra S(g∗) as
components of a Lie algebra valued curvature 2-form of connectionAa and d as the
exterior differential for differential forms.
Now our aim is to extend the Weil algebra of a Lie algebra g to the 3-Lie algebra
gt induced by a Lie algebra g with the help of an analog of trace. Let ω ∈ g
∗
be an element of the dual space which for any two elements x, y ∈ g satisfies
ω([x, y]) = 0. Making use of the dual basis for g∗ we can write ω = ωa T
a, where
the coefficients ωa are numbers. Then the condition ω([x, y]) = 0 is equivalent to
the relations
fabc ωa = 0. (3.3)
The triple commutator of the induced 3-Lie algebra gt is defined by
[x, y, z] = ω(x) [y, z] + ω(y) [z, x] + ω(z) [x, y]. (3.4)
It is shown in the previous section that the triple commutator (3.4) satisfies the
Filippov-Jacobi identity. Let us denote the structure constants of the induced 3-Lie
algebra gt in a basis Ta byK
a
bcd that is
[Tb, Tc, Td] = K
a
bcd Ta.
Since the 3-Lie algebra gt is induced by a Lie algebra g the structure constants of
the 3-Lie algebra gt can be expressed in terms of the structure constants of a Lie
algebra g as follows
Kdabc = ωa f
d
bc + ωb f
d
ca + ωc f
d
ab. (3.5)
It can be proved that the Filippov-Jacobi identity
KabcdK
l
kma = K
a
kmbK
l
acd +K
a
kmcK
l
bad +K
a
kmdK
l
bca, (3.6)
holds in this particular case of induced 3-Lie algebra [1]. Now we introduce two
elements of the Weil algebraW (g) as follows
χ = ωaA
a, ϕ = ωa F
a.
Evidently the element χ has the degree 1 and the element ϕ has the degree 2. If we
apply the differential (3.2) to the element χ then we get
dχ = ωa d(A
a) = ωa (F
a −
1
2
fabcA
bAc)
= ωa F
a −
1
2
ωa f
a
bcA
bAc = ωa F
a = ϕ, (3.7)
where we used the relation (3.3). Similarly we find that the differential of ϕ is
dϕ = ωa dF
a = ωa f
a
bc F
bAc = 0, (3.8)
where we again used the relation (3.3). Hence the element ϕ is closed with respect
to the differential d and we can write
dχ = ϕ, dϕ = 0. (3.9)
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Let us introduce the following products of elements Aa, F a and χ, ϕ
χa = χAa, ϕa = ϕAa, (3.10)
ψa = χF a, Ωa = ϕF a. (3.11)
These products have the following degrees
|χa| = 2, |ϕa| = |ψa| = 3, |Ωa| = 4.
Straightforward computation of the differential of these products gives
dχa = ϕa − ψa +
1
3!
KabcdA
bAcAd, (3.12)
dϕa = Ωa −
1
2
fabc ϕ
aAc, (3.13)
dψa = Ωa − fabc ψ
aAc, (3.14)
dΩa = fabc Ω
bAc. (3.15)
(3.16)
In order to show more clearly the relation with the structure of the induced 3-Lie
algebra gt, we will do the transformation in the space of elements of degree 3 by
introducing new elements Ξaω ,Φ
a
ω as follows
Ξa = ϕa + ψa, Φa = ϕa − ψa. (3.17)
Then
dΦa =
1
2
fabcA
bΦc −
3
2
Kabcd F
bAcAd, (3.18)
dΞa = 2Ωa −
1
2
fabc A
b Ξc −
1
2
fabc A
bΦc +
1
2
Kabcd F
bAcAd, (3.19)
dΩa = Kabcd F
b F c F d. (3.20)
Thus in order to construct the extension of Weil algebraW (g) = S(g∗F ) ⊗ ∧(g
∗
A)
of a Lie algebra of g to the Weil algebraW (gt) of the induced 3-Lie algebra gt we
introduce in addition to elements Aa, F a the element χ of degree 2, two elements
Φa,Ξa of degree 3 and the element Ωa of degree 4, i.e. we take
W (gt) = S(g
∗
F )⊗ S(g
∗
χ)⊗ S(g
∗
Ω)⊗ ∧(g
∗
A)⊗ ∧(g
∗
Ξ)⊗ ∧(g
∗
Φ), (3.21)
and define the differential by
dAa = F a −
1
2
fabcA
b Ac, (3.22)
dF a = fabc F
bAc, (3.23)
dχa = Φa +
1
3!
KabcdA
b AcAd, (3.24)
dΦa =
1
2
fabcA
b Φc −
3
2
Kabcd F
bAcAd, (3.25)
dΞa = 2Ωa −
1
2
fabc A
b Ξ−
1
2
fabc A
b Φc +
1
2
Kabcd F
bAcAd, (3.26)
dΩa = Kabcd F
b F c F d. (3.27)
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It can be proved that the differential d defined by the above formulae satisfies d2 =
0. Hence the formulae (3.24) – (3.27) can be regarded as the extension of differential
d defined on the Weil algebraW (g) to differential on the Weil algebraW (gt) of the
induced 3-Lie algebra.
The formulae can be written by means of commutators (binary and ternary) if we
consider the tensor product g⊗W (gt). Given three elements of this productX1 ⊗
Λ1, X2 ⊗ Λ2, X3 ⊗ Λ3, where X1, X2, X3 ∈ g and Λ1,Λ2,Λ3 ∈ W (gt) we can
compose two products as follows
[X1 ⊗ Λ1, X2 ⊗ Λ2] = [X1, X2]⊗ Λ1 · Λ2 (3.28)
[X1 ⊗ Λ1, X2 ⊗ Λ2, X3 ⊗ Λ3] = [X1, X2, X3]⊗ Λ1 · Λ2 · Λ3. (3.29)
Let us denote
A = Ta ⊗A
a, F = Ta ⊗ F
a, χ = Ta ⊗ χ
a,
Φ = Ta ⊗ Φ
a, Ξ = Ta ⊗ Ξ
a, Θ = Ta ⊗Θ
a.
Then the formulae (3.22)–(3.27) can be written in the form
dA = F −
1
2
[A,A],
dF = [F,A],
dχ = Φ +
1
3!
[A,A,A],
dΦ =
1
2
[A,Φ]−
3
2
[F,A,A],
dΞ = 2Ω−
1
2
[A,Ξ]−
1
2
[A,Φ] +
1
2
[F,A,A],
dΩ = [F, F, F ].
4. B.R.S. algebra and 3-Lie algebra
Our aim in this section is to show how one can use the 3-Lie algebra gt to construct
the universal B.R.S. algebra [4]. The advantage of approach based on the 3-Lie
algebra gt is that ghost field, auxiliary field and their transformations naturally arise
from the structure of 3-Lie algebra.
First we remind the notion of universal B.R.S. algebra associated to a Lie algebra g.
Let Ta be a basis for g and T
a be the dual basis for g∗. Take four copies of the dual
space g∗A, g
∗
F , g
∗
χ, g
∗
φ with dual basis A
a, F a, χa, φa respectively. Let A (g) be the
free bigraded commutative algebra generated byAa in the bidegree (1, 0), χa in the
bidegree (0, 1), F a in the bidegree (2, 0), φa in the bidegree (1, 1), i.e.
A (g) = ∧(g∗A)⊗ S(g
∗
F )⊗ ∧(g
∗
χ)⊗ S(g
∗
φ).
In analogy with the previous section we introduce the tensor product g⊗A (g) and
the products of elementsA = Ta⊗A
a, F = Ta⊗F
a, χ = Ta⊗χ
a, φ = Ta⊗φ
a.
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Define two differentials d, δ, of bidegrees (1, 0) and (0, 1) respectively as follows
dA = F −
1
2
[A,A], dF = [F,A], dχ = φ, dφ = 0, (4.1)
. and
δA = −φ− [A,χ], δF = [F, χ], δχ = −
1
2
[χ, χ], δφ = [φ, χ]. (4.2)
These differentials sarisfy the equations
d2 = δ2 = (d+ δ)2 = 0.
The algebra A (g) is referred to as the universal B.R.S. algebra of a Lie algebra g.
Now our aim is to use the structure of the 3-Lie algebra gt to construct the universal
B.R.S. algebra. For this purpose we use the idea of gauge transformation by means
of triple commutator
[X,Y, Z] = TrX [Y, Z] + TrY [Z,X ] + TrZ [X,Y ], (4.3)
proposed in[3]. Indeed one can consider the following analog of gauge transforma-
tion
DA = i [X,Y,A]. (4.4)
Following this idea we introduce two elements ξ, η of the bidegrees (0, 1), (0, 0)
respectively and define the differential δ of A as follows
δA = −[A, ξ, η]. (4.5)
Applying the formula for the triple Nambu bracket we find
δA = −[Tr(ξ) η − Tr(η) ξ, A] − Tr(A) [ξ, η]. (4.6)
Now it is natural to define the ghost field χ and the auxiliary field φ by
χ = Tr(ξ) η − Tr(η) ξ, A, φ = Tr(A) [ξ, η] (4.7)
Substituting these definitions into (4.6) we obtain the differential for A, i.e.
δA = −φ− [A,χ].
Now we define the differential δ for the elements χ, φ by
δξ = −
1
2
Tr(η) [ξ, ξ] + Tr(ξ) [η, ξ], (4.8)
δη = −Tr(η) [η, ξ]. (4.9)
Differentiating by δ the both sides of (4.7) and making use of (4.8), (4.9) we get the
formulae for the differential δ of χ and φ, i.e.
δχ = −
1
2
[χ, χ], δφ = [φ, χ].
We conclude this section by pointing out that proposed here approach clearly demon-
strates that the formulae for the differential δ (or BRS-operator) are consequences of
two-parameter gauge transformation (4.5) constructed with the help of triple quan-
tum Nambu commutator (4.3)
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